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We consider the ratio of the top structure functions R^{Tt) in top pair production as a probe 
of the top content of the proton at the LHeC project. We study the top structure functions 
with the geometrical scaling of gluon distribution at small x and show that top reduced cross 
section exhibits geometrical scaling in a large range of photon vitualities. This analysis shows that 
top longitudinal structure function has sizeable impact on the top reduced cross section at dm?. 


Recently, a method of determination of the top struc¬ 
ture function in the proton from the LHeC project [1-2] 
has been proposed [3]. On the basis of the method it 
is known that the dominant source for the scaling 
violations is the conversion of gluons into the tt pairs at 
low-a;. As the initial scaling increase as increases from 
xq = 0.0001 — 0.1 according to = 10 — 10000 GeV'^ 
respectively. In this limit, the crucial point is the ob¬ 
servation that the top structure function parameteriza¬ 
tion depends directly to the gluon density. The rele¬ 
vant framework for the dominant of the gluon distribu¬ 
tions in perturbative QCD in this limit is the leading 
log(l/a;) {LLl/x) approximation. The basic quantity in 
this approximation is the non-integrated gluon distribu¬ 
tion f{x, k^) which is related to the conventional gluon 
density g{x,Q^), which satisfies DGLAP evolution, as 



The analytical behavior for f{x, k"^) at small x found to 
be given by [4], if the running coupling constant effects 
are taken into account, as 

f{x,kl)r^'ll{x,kl)x-^ ( 2 ) 

where A = 4 ^’=^" ln(2) at LO and at NLO it has the 
following form [5] 

A = 4-ln(2)[l-c(-)——], (3) 

TT 2 47r 

and c(i) = 25.8388-f 0.1869^ -h 10.6584^. The quan¬ 
tity 1 -I- A is equal to the intercept of the so-called 
BFKL Pomeron. The i^T-factorization approach relates 
strongly to Regge-like behavior of gluon distribution, as 
we restrict our investigations to the gluon distribution 
function at the following form 

xg{x,Q'^)-^x~^. (4) 
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Here A is the hard-Pomeron intercept. The credible phe¬ 
nomenology intercept of the BFKL equation can be de¬ 
fined by a kinematic constraint to control of the gluon 
ladder [4]. The effect of this constrain on the intercept 
one finds that it reduced the intercept from A^O.5 to 
A^O.3 [6]. Recently the value 0.317 estimated directly 
from the data on the proton unpolrized structure func¬ 
tion [7]. 

The latest data [8] for charm and beauty structure func¬ 
tions show that there are not enough data for the sugges¬ 
tion of the logarithmic x-derivative in the full kinematic 
range available as [9] 


d\nF^’^ 

aini 

X 


( 5 ) 


For the charm structure functions, the data points at 
the values 12<Q^<120 GeV^ are shown that this deriva¬ 
tive is independent of x for low x values to within the 
experimental data and this implies that a power law be¬ 
havior for charm structure function as < (5 > is estimated 
from fits to the HI data as < 5 > ~0.43. For others 
values and the beauty structure functions there are no 
enough experimental data that this behavior change in 
the measured kinematic range. Using ideas from Regge 
theory, where gluon distributions have the same power 
law behavior (Eq.4) for all HI experimental data for 
charm and beauty structure functions. Our estimations 
show that < A° > ~ 0.45 ±q; 23 and < A^ > ~ 0.43 ±q;§ 3 
for charm and beauty intercepts respectively. These val¬ 
ues for A’S show that the hard pomeron behavior [10-13] 
is dominant. Indeed the hard pomeron behavior gives 
a very good description of the data within the experi¬ 
mental accuracy, not only for the charm structure func¬ 
tion A|(a;, but also for the beauty structure function 
F^{x,Q^). 

In leptoproduction, the primary graph is the Photon- 
Gluon-Fusion (PGF) model where the incident virtual 
photon interacts with a gluon from the target nucleon 
for producing tt at leading order (LO) and next-leading- 
order (NLO) processes at the LHeC project [1-2] Within 
the variable-flavor- number scheme (VFNS). In the LHeC 
project, we think that the top quark component Aj of F 2 
is apparently governed almost entirely by hard-pomeron 
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exchange over a wide range of x and . In LHeC 
project, for > 2 GeV"^, the hard pomeron behavior is 
driven solely by the gluon field. Therefore, according to 
perturbative QCD, the top quark originates from a gluon 
structure function that is dominated at small x by hard 
pomeron exchange. 

Let us use the gluon distribution to calculate top pro¬ 
duction in LO up to NLO pQCD at small x as the top 
structure functions may be given by 


Fl{x,Q'^,rnl) = e: 


2«^ (< >) 
27r 


yzci^{i-z,o 


xG(^,<M?>),(fc = 2&L) (6) 

where G* ^ are the coefhcients functions and a = 1 -b ^ 
2 

where ^=-qy and G(= xg) is the gluon momentum distri¬ 
bution. The physical intuition leads us to take < ^^ >= 
4 toj -b <5^/2 for both, though it must be recognised that 
this is a mere guess. The value rrit = 157 GeV is fixed 
for these results. 

Thus, exploiting the hard pomeron behavior (4) for the 
gluon distribution at and using the NLO approx¬ 

imation for collinear coefficient functions and anomalous 
dimensions of Wilson operators. The top structure func¬ 
tions F^, with respect to the gluon distribution behavior, 
have the following forms 


Fl{x,Q‘^,mt) = e: 


.as{< >) 


27r 


r]kix, < >) 


xG{x,<g^>), (7) 


where 


T]k{x,< >) = Gl ,,{x,C)(^{x)^, ( 8 ) 

and the symbol O denotes convolution according to the 
usual prescription, f{x)®g{x) = J^{dy/y)f{y)g{x/y). 
The ratio of the top structure functions are important 
for investigation of the photon-top quark scattering con¬ 
tribution to the Callan-Gross ratio at low and moderate 
Q'^cxm'l as 


R*{x, Q'^) 


F^^{x,Q^y 


(9) 


The solution of Eq.(9) is straightforward and given by 


>^ r]L{x, < >)G(x, < >) 

g2££(<£!^^2(a;, < y? >)G(x, < y? >) 

^ ?7L(a:, < y^ >) 

772 (x, < y^ >)' 


In general, we write the quantity R* by the following form 


R\x, Q^) 


Gg,2(a;,C)®(a;)^ ■ 


( 10 ) 


In fact, the gluon distribution input cancels in the ratio. 
Therefore the reduced cross section for photon- top quark 
production [14] is given by 


a«(x,Q2) = F2*(x,Q2)[i 


7/^ ?7l(x, <77^>) 

l + (l-y)^ V2{x,<y‘^ >) ’ 

( 11 ) 


where y{= ^) is the inelasticity variable and s is 
the square of the center-of- mass energy of the virtual 
photon-top quark subprocess (5^(1 —z)/ 2 ;. HI Collab. [8] 
obtained the charm and beauty structure functions F^ 
and Fy’ from the measured c and b cross sections after 
applying small corrections for the longitudinal structure 
functions Fy and F^^ at low and moderate inelastic¬ 
ity. The inelasticity values for c and b production in this 
experiment were in the region 0.09 < y < 0.5. We ex¬ 
pect that inelasticity value for t production to be at high 
values of inelasticity. The high y values at the top pro¬ 
duction are according to the very low x values, as in this 
region the screening (or shadowing) effects are very im¬ 
portant. The main effect of shadowing is the recombining 
of gluons at higher densities via the process gg^g, where 
it causes the top structure behavior is tamed. The satura¬ 
tion limit for the gluon distribution is at the order of the 
hadronic radius Rh as Gsat{x,Qy^RyQ^/as{Q^). Be¬ 
cause the gluons are concentrated around the hot-spots 
points, where the radius Rhs is smaller than the hadronic 
radius Rh, the linear effects must be modify by the non¬ 
linear terms as have been formalized by GLRMQ [15]. 
However at low-j/, where Fj^ set to zero we have 
a**{x,Q'^){=d*y) = Fl{x,Qy. But at moderate and high 
inelasticity, the longitudinal structure function contribu¬ 
tions to the cross section. The fractional F^ contribution 
to the top cross section investigate by 


Gpt = 


'F2 


( 12 ) 


Indeed, there is a sizeable contribution to the top cross 
section at the LHeG project at high y and very low x 
values. The LHeG can use a proton beam with energy 
up to 7 TeV, and the electron beam energy is set to 
60 GeH. At fixed {x,y), the gain in ^/s will be a factor 
about 4 as compared to HERA. The kinematic range of 
the LHeG for determination of the top structure function 
is at low X and at high [16-17]. At small x, the inelas¬ 
ticity is given as 7/~l — A'/Eg. Therefore, we can choose 
the extremum value for the inelasticity as if y—>-1, then 
f{y) = y'^/Y+^l where y+ = 1 -f (1 - yf. 

Therefore, the tt-pair production at the LHeG project 
in DIS can be happen at small enough x where the ge¬ 
ometrical scaling (SG) has been introduced [18] in this 
region as the dense gluon system is fully justified. Thus 
the saturation scale Q^{x), is an intrinsic characteristic 
this dense gluon system which tame the rise of the gluon 
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distribution at small x. One thus finds that the satura¬ 
tion scale has the form Qg(x) = Qq(x/xo)~^ as increases 
with decreasing x. This type of scaling is also found to 
be an intrinsic property of the nonlinear evolution equa¬ 
tions. Therefore the proton cross section is dependence 
upon the single variable t = Q'^/Qg{x), as 

(7^*p{x^Q ) 


The gluon distribution at the geometric scale is defined 

by 

^xg{x,Q'^ = Ql{x))=rQX~^, (14) 

with rg = gl^-cToXg. The two parameters (Tq and xg de¬ 
termined when authors in Ref. [19] perform a fit including 
charm to the total cross section cr'*' ^. Using the leading- 
twist relationship between the dipole cross section and 
the unintegrated gluon distribution, as the integrated 
gluon distribution at fixed coupling is given by [20] 

X 

Therefore we use the same parameters as those were 
found from a fit to small x data [19]. But Qq have to 
be larger than 2 GeV^ and the Bjorken variable x = xb 
was modified [21] to be 

x = xb(1 + ^). (16) 


In top production the geometrical scaling violation is ex¬ 
pected due to the large top quark mass, therefore we use 
the scaling variable Tt according to the top quark mass 
further than the historically variable [22] as 


Tt = (1 -f 


<5^ QqXo 


(17) 


This new scale is valid in the small x as top pair produc¬ 
tion is dominance at this region. Therefore the saturation 
model leads to 


+ (^)A(i_e-^^(^)^)))r,,(rt). 


(18) 


Finally the reduced cross section for top pair production 
in DIS at the LHeC project is bounded by the geometrical 
scaling which assures unitarity of Fl at the limit j/—>-1, 
as 


and very low x region where is outside the kinematic 
region accessed at LHeC as 0.000002 < x < 0.8 and 
2 < < 100, 000 GeV^. We see that the corresponding 

longitudinal top structure function is almost zero for 
Q^<1000GeV^ at very low x values. In this case, 
d**(ri)=F|(Ti). In Figs.l and 2, we show the ratio R* 
in this limit. This value is non zero for > lOOOGeU^ 
and has a maximum value less than 0.21 practically 
at (5^~1F6. Our results show that the ratio R* is 
independent of the x values and it has the same behavior 
for the charm and beauty production [23-27] in the 
entire region of Q^. We conclude that the longitudinal 
top structure function component to the reduced cross 
section could be good probe of the top density in the 
proton at . 

One can also see from Figs.l and 2 the behavior of 
the top structure functions ratio versus the top scaling 
variable Tt for different values of Q^. In Fig.3 we show 
the top structure functions with x < IE — 3 for different 
values of against the scaling variable n. We see that 
the results exhibit geometrical scaling over a very board 
range of at any scale. We can also clearly see (in 
Figs.3 and 4) that the behavior of the CT**(Tt) and F^rt) 
on Tt is approximately l/r* at large Tt. The transition 
point is placed at t~ 0.45 which has value very less than 
fit = 4TO( for a top mass mt = 157 GeV. In this point 
the Qg has value of order 200000 GeV^, where in this 
region Q^<<Qs and the nonlinear effects are important 
as the gluon density growth by the rate Ql/h?. As 
plotted in Fig.5, this transition point will be determined 
at LHeC project. 

In conclusion, we prediction the top structure functions 
at the LHeC domain with respect to the geometrical 
scaling. We demonstrated the usefulness the direct 
extraction F| from the top reduced cross section as 
the top longitudinal structure function has a correlation 
function at Q^>Am^. Also we show the ratio of the 
top structure functions as it is independent of x at low 
X values and it has the same behavior as considered 
for charm and beauty structure function ratios. The 
maximum value estimated for R*{Tt) is almost ~0.2 
in a wide region of x. The most important numerical 
sources of theoretical uncertainty in tt-pair production 
are the factorization scale dependence and the constant 
parameters in the saturation model. Finally we show the 
geometrical scaling in the top structure functions from 
the region x < 0.01 and a transition in the behavior on t*. 
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FIG. 4: cr‘* (Top RCSs) and F 2 (Top SFs) plotted versus the 
top scaling variable Tt- 




FIG. 5: The top reduced cross section from the region 
X < 0.001 plotted versus the top scaling variable Tt. 



